Clamped Tapered Beam (CTB) sub-element, proposed by Advanced Composite Project Team at the NASA Langley Research Center was studied under monotonic fatigue loading. The specimen was designed to study matrix crack initiation from pristine condition, delamination initiation and propagation including migration from one interface to other. Regularized eXtended Finite Element Method (Rx-FEM), which allows modeling displacement discontinuities associated with matrix cracks independent of the mesh orientation was used for analysis. Previously developed fatigue Cohesive Zone Method (CZM) was modified to include the S-N information in the Newton-Rapson equilibrium loop. The analysis was conducted in two phases, before and after the experimental data was revealed. The blind predictions were conducted at R=0.1 load ratio for 80% and 70% values of the fatigue load amplitude with respect to static strength and overestimated the rate of delamination growth. The corrected predictions took into account the R=0.2 load ratio, thermal residual stresses and were based on the modified algorithm. The failure event sequence and the respective cycle counts were consistent with experimental data.
condition as well as delamination initiation and evolution including migration from one interface to another. The clamped tapered beam specimen is an evolution of the delamination migration specimen proposed by Ratcliffe et al. [1] . The main difference in CTB is the tapered edge of the short arm and the absence of initial delamination, thus allowing one to study not only the delamination migration phenomena but also the failure initiation from pristine tapered edges. Static loading of the CTB was previously considered in [2] and the present manuscript will focus on fatigue monotonic fatigue loading.
The predictions were performed simultaneously with experimentation conducted at NASA LaRC. The first round of predictions was performed prior to knowing the experimental data and the second round of predictions was performed after the experimental data was revealed. The parameters of interest included the number of cycles to matrix cracking onset, the delamination length versus cycle count including migration as well as delamination migration distance.
The Discrete Damage Modeling (DDM) method was used for the analysis. The essence of this methodology is insertion of true displacement discontinuities independently of mesh orientation to simulate matrix cracking. Multiple cracking in each ply is allowed. The DDM methodology employed in the present paper is based on Mesh Independent Crack (MIC) technique termed as Regularized eXtended Finite Element Method (Rx-FEM) [3] - [5] . While the kinematic aspects of Rx-FEM require no modification for fatigue analysis the constitutive models do. Ref. [6] describes the cohesive zone modeling technique used in the present manuscript for blind fatigue simulation. The changes to the cohesive zone modeling technique at the correction stage will be described and results presented.
MESH INDEPENDENT CRACK (MIC) MODELING BY Rx-FEM APPROACH

Rx-FEM
The DDM approach consists of mesh-independent modeling of matrix cracks in each ply of the laminate, and modeling the delamination between the plies by using a cohesive formulation at the ply interface. The matrix cracks are modeled by using the Regularized eXtended Finite Element (Rx-FEM) formulation [3] - [5] . This formulation is a derivative of the original x-FEM proposed by Moes et al. [7] , where the cracked element is enriched by additional degrees of freedom to ensure the displacement jump across the crack face. These additional degrees of freedom are associated with the shape functions, which are essentially partitioned along the crack surface, and represented by the Heaviside step function. The regularized formulation replaces the Heaviside step function with continuous function changing from 0 to 1 over a narrow volume of the so called gradient zone. In Rx-FEM, the step function is approximated by the same shape functions as the displacements. The simulation begins without any matrix cracking locations built into the model. In the static regime the loading is applied in incremental way and the stress field at each load step examined through the entire specimen. If a failure criterion, and specifically LaRC04 [8] in the present case, is met an Rx-FEM cohesive zone is inserted and will begin to open under increasing load to form a matrix crack.
During the fatigue simulation the general flow of the algorithm is similar, what is different is the crack insertion criterion and the cohesive zone model, which is used to propagate the fatigue crack.
MIC insertion criterion
Ref. [6] outlines the procedure for insertion of MIC in the fatigue regime, which has been used in the present work without modification.
CZM formulation
The fatigue CZM formulation in [6] simulates damage initiation and its transition to propagation in fatigue regime without any explicit or implicit assumptions of initial damage size. In the propagation regime, the pseudo VCCT approach of Hallett and Harper [9] is followed. However, the damage initiation phase and transition to propagation phase are modeled differently. In the present approach the loading history of each material point in the regime proceeding damage initiation is followed. The initial implementation was performed for constant frequency and R ratio fatigue loading, however even in this case the loading amplitude will vary in the course of PDA. To account for loading history the so called damage history variable d I was introduced, which has no effect on the structural response as opposed to the cohesive law damage variable d responsible for some degree of displacement discontinuity as soon as d>0. The S-N curves and Palmgren-Miner linear damage accumulation hypothesis are presently used to calculate d I . After the d I =1 condition is reached in a given material point it is transitioned into the propagation regime, where the evolution of the damage variable d, and consequently the displacement discontinuity, begins. This transition is performed by modifying the static cohesive law in each material point so that the strength value in this point in the cohesive law is not equal to the static strength anymore but is equal to the reduced strength according to the S-N curve at the time when d I =1. The Palmgren-Miner rule is used to calculate the residual strength after a given number of cyclic loading at given amplitude. Thus the slope of cohesive zone model is changed to maintain the static propagation characteristics. According to this hypothesis each material point may have its own cohesive law. The proposed approach eliminates any ambiguity or need for initial damage size or presence of any cracks or delamination's in the structure prior to loading.
Solution algorithm
Ref. [6] outlines the cycle based and event based fatigue algorithm methods. The event based algorithm predicts the cycle increment required until an elemental failure event such as, MIC insertion (∆N c ) or delamination and/or MIC propagation (∆N P ) by a given increment such as one mesh size. In addition to these more apparent physical events an additional procedural event had to be included, which consisted of transformation from the undamaged to damaged state in the fatigue CZM formulation (∆N I ). These cycle increments are evaluated based on examination of the equilibrated state of stress, which in the case of implicit solution technique is achieved as a result of Newton-Raphson (N-R) iterations. Next, in the context of strict event based formulation, a new cycle increment is determined as ∆N =min(∆N c , ∆N P , ∆N I ) (1) and the solution updated depending upon which of the events occurs first. After the solution is updated the state of stress is equilibrated and the procedure repeated. The total number of cycles after n equilibration steps will be ܰ = ∑ ∆ܰ . Such procedure can be very efficient in the initial stages of simulation where the event cycle increments are very large, however, with accumulation of damage when multiple cracks and delaminations propagate at the same time, the subject increments can become on the order of a single cycle and significantly burden the implicit solution algorithm. In the present paper a modified algorithm, partially addressing this problem is proposed. The CZM transformation cycle increment ∆N I is excluded from Eqn. (1) and the new cycle increment computed as
In the modified formulation the CZM transformation is performed not after the equilibrium state is achieved but as part of the N-R iterations. In this case the cycle count is incremented by ∆N and either MIC is inserted or the delamination extended or both and N-R iterations performed to equilibrate the solution. The difference is that during these iterations the initiation stress in CZM is not kept constant but constantly recalculated to be equal to the residual strength at given location which is evaluated by using S-N curves and fatigue accumulation law, i.e. Palmgren-Miners rule in the present formulation.
The approach proposed in [9] for propagation modeling evaluates the energy release rate (ERR) of a crack simulated by CZM by looking at the maximum value of ERR in all elements in the process zone. Since the implementation [9] uses explicit time-cycle integration, the damage variable is increased based on Paris Law. In the implicit implementation [6] the same concept for ERR evaluation is used and cycle implement ∆N P for the delamination to propagate by 1 interval length is computed and the damage variable in the respective element set to 1 analogous to VCCT method. The ERR in [9] was evaluated in the integration points, however, [6] it was interpolated into the nodes. This approach appeared more accurate in benchmark problems with coarse meshes. In the present analysis the meshes used had to be significantly refined due to high values of the release pressure Y t = 127 MPa and CZM requirements making the interpolation not necessary.
CLAMPED TAPERED BEAM SPECIMEN (CTB)
A discussion of CBT including static analysis was performed in Ref [2] . CTB schematics, dimensions, boundary conditions and load application points are shown in Figure 1 The boundary conditions were applied in the edge regions as shown in Figure 1 which consists of constraining vertical (u z ) displacement on the left side and constraining both horizontal (u x ) and vertical (u z ) displacement on the right side. In BSAM, only 3D hexahedral elements are available for Rx-FEM simulation and hence a 3D model was created. Only one element through the y direction was used taking advantage of the 2D nature of the problem with a symmetry condition u y = 0 at y= 0 plane, thus providing a half width symmetric model. Displacement loading is applied quasi-statically to reach the maximum arm displacement followed by monotonic cyclic loading maintaining the maximum displacement constant.
The meshes and needed node sets were created in Abaqus TM CAE 2016 and imported to BSAM software [10] , where the Rx-FEM is implemented for fracture modeling. Three different meshes-coarse with approximate element size of 0.18 mm, fine with approximate element size of 0.09 mm and finer with approximate element size of 0.045 mm were developed earlier for quasi-static analysis and mesh convergence studies. These element sizes correspond to approximately 1, ½ and ¼ of the ply thickness. From the mesh convergence studies under static loading [2] , it was concluded the fine model (mesh size approximately ½ ply thickness) is appropriate considering both accuracy and computational time. Hence, the results reported are obtained by using fine (½ ply) model. 
It is anticipated that matrix cracks will form in the four ply 90 o stack between the skin and the flange. These 90 o plies and the plies immediately above and below are the main focus regions. The material properties required for static analysis are listed in TABLE 1. The additional properties required for analyses under fatigue loading will be discussed below. The S-N relationship for transverse tension and shear strength was provided by NASA in the form
whereas BSAM [10] is using simple log-linear relationship
The least square regression method was used to determine s based on A and B parameters both for tension and shear strength. The Paris Law constants were provided both for Mode I and II loading in the following form
and converted to relationship
where ‫ܥ‬ = ‫ܣ‬ ‫ܩ(‬ )
. All fatigue input data was provided for R=0.1, however, the experimental setup was later changed to R=0.2 in order to prevent setup issues arising from unloading the specimen. This change was only taken into account at the correction stage and only the Paris Law parameters were adjusted as shown in TABLE 2. Several methodologies for rescaling the coefficients in Eqn. (3) were reviewed in Ref. [11] . The approach directly following the original formulation of the Paris law in the power form of the change of the crack stress intensity factor during a loading cycle is used below. This formulation can be expressed in terms of the maximum and minimum values of the energy release rate (ERR) during a fatigue cycle as
Introducing ܴ = ඥ‫ܩ‬ /ඥ‫ܩ‬ ௫ one can write
Comparing Eqn. (3) and (6) one can readily recalculate the value of A p for R=0.2 if its value for R=0.1 is known. The respective coefficients C in Eqn. (4) 
RESULTS AND EXPERIMENTAL COMPARISON
The predictions were performed in two stages before the experimental data was known and after. The initial predictions were performed by using the methodology in Ref. [6] at R=0.1 and 80% and 70% amplitude of static failure load without taking into account the processing residual stress. The failure process is generally similar to that observed under static loading and consists of matrix crack formation in the 90 o 4 ply cluster at the fillet, stage (1)-(2) on Figure 2 with subsequent delamination initiation and propagation, stage (2)-(3) followed by migration, stage (3)- (4) and continued propagation (5) . The main experimentally observed difference between the damage evolution under static and fatigue loading was the difference between unstable propagation in static regime on all stages including part of the stage (5) whereas in the fatigue regime the propagation was stable on all stages for both load amplitudes. The analysis, however, predicted unstable delamination propagation at the initial stages of delamination propagation and in the case of 80% loading in the migration stage as well. The failure patterns predicted in the blind prediction stage are shown on Figure 2 . The delamination migration distance in the case of the 80% loading is over-predicted, which is consisted with the observations during static propagation and is a result of unstable propagation of the delamination. In the case of 70% loading the migration distance is predicted more accurately due to stable propagation of the delamination near the migration. The revised predictions took into account R=0.2 load ratio, thermal residual stress and modified fatigue CZM formulation as described above. The respective delamination and matrix cracking path are shown on Figure 3 . The R=0.2 resulted in slower rates of delamination growth and resulted in more accurate prediction of the delamination migration distance in both cases. Note that the matrix cracking initiation location was predicted on the tapered edge at the interface of the 0 o and 90 o plies before the residual stress was taken into account ( Figure 2 ) and at the middle of the 90 o 4 ply cluster after it was taken into account on Figure 3 . The total delamination length as a function of cycles including experimental data is displayed in Figure 4 for the 80% load amplitude and in Figure 5 for 70% load amplitude. In both cases the rate of delamination growth was significantly overestimated in blind prediction phase. As seen in strong effect on the rate of propagation. It is also seen that including the residual strength calculation in the N-R iteration loop has affected the matrix cracking initiation stage reducing the cycle count for delamination initiation and early propagation stage at both load levels. The results appear to correlate better with the experimental data especially for the 70% loading case. However, in both the blind prediction and correction phases the methodology predicted partial unstable delamination growth for the 80% loading, which was not observed in the experiments. This difference could be a result of bridging and delving effects [1] not account for in the computations.
CONCLUSIONS
Rx-FEM was applied for failure prediction in laminated composite Clamped Tapered Beam element under monotonic fatigue loading at amplitudes of 80% and 70% of the static failure load. Matrix crack initiation leading to delamination initiation and propagation including its migration from one interface to another and number of cycles to these damage events under monotonic cyclic loading was predicted.
The initial prediction performed at R=0.1 significantly over-predicted the rate of delamination growth as compared with experiments at R=0.2, which were simultaneously conducted by at NASA LaRC. The corrected prediction were performed at R=0.2 as well as taking into account the residual stress thermal processing stress and modified algorithm including the S-N curves and Palmgren-Miner method for residual strength calculation directly in the Newton-Raphson iteration loop. A reasonable agreement with experimental observations including the delamination migration distances was achieved. However, in both the blind prediction and correction phases the methodology predicted partial unstable delamination growth for the 80% loading, which was not observed in the experiments. This could be a result of bridging and delving effects not accounted for in the computations.
